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CNl ■ Restrictions on the neutrino masses and lepton mixing are reviewed. Solar, at- 

mospheric and relic neutrinos give the indications of existence of nonzero neutrino 
masses and mixing. The data pick up two regions of mixing angles which are or 
qq ' appreciably larger or appreciably smaller than the Cabibbo angle. Some theoretical 

. schemes with large or small lepton mixing are discussed. 
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m ■ 1. Negative Results 

On 1 

Let us mark the frontiers of present knowledge. 

Q_i| Electron (anti)neutrino: three tritium experiments, Los Alamos 1 , Mainz 2 , and 

Livermore 3 have overcome 10 eV barrier of the upper bounds. The strongest limits 

£2 ■ are at the level 7-8 eV: 

43 ■ 

f 7.2 eV 95% C.L. Mainz 2 ( 
^ ; m[Ue) < I 8 eV 95% C.L. Livermore 3 ' ' ' 

Both experiments give small (about la below 0) negative values of m 2 . This may 
testify for some undiscovered systematic error, which could slightly relax the above 
limits. Zurich 4 limit is 11 eV (95% C.L.), and m? perfectly agrees with zero. 

Double beta decay searches restrict the effective Majorana mass of the electron 
neutrino; the best limit has been obtained by Heidelberg- Moscow collaboration 5 with 
enriched isotope 76 Ge: 

m ee = Y^V? P \Uei\ 2 mi < 1.3 eV, 90%C.L.. (2) 

i 

Geochemical experiment with 128 Te/ 130 Te gives 6 similar restriction: m ee < (1.1 — 1.5) 
eV. In (2) U e i, rrii, and r]f p are the admixture in the electron neutrino state, the mass 

1 on leave from Institute for Nuclear Research, Russian Academy of Sciences, Moscow, Russia, 
e-mail: smirnov@ictp.trieste.it 
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and the CP- parity of the i-component of neutrino. If all components have the same 
CP-parities the limit from double beta decay strengthens the bound (1), in case of 
opposite parities the cancellation in (2) allows even for lightest component to have a 
mass of the order of 7 eV. 



Muon neutrino: a restriction on the mass follows from measurements of the mo- 
mentum of the muon in the pion decay n + — > (n + at the rest) and from in- 
dependent measurements of the pion mass 7 . Method of the determination of 
has an ambiguity: two different values of m n where obtained. One value results in 
strongly negative (about 5a below zero) m 2 (z/ M ), whereas another one gives to 2 (z/ m ) = 
-0.002 ± 0.030 MeV 2 in agreement with zero. This corresponds to a new upper 
bound 7 

m(z/ M ) < 220 kev 90% C.L. (3) 

Tau neutrino: the invariant masses of five pions in the decay r — > 5n + v T are 
measured and an upper limit on the tau neutrino mass follows from spectrum of these 
invariant masses near the end point: 

, s f 31 MeV 95% C.L. ARGUS 8 , , 

m[y T ) < 1 32 g g5% C L CLE0 9 • (4) 

CLEO has detected 60 events with 5 charged pions and 53 events with three charged 
and two neutral pions. The limit is determined by few events near the end point, and 
ARGUS group is lucky: its limit was obtained with just 20 (5 charged pions) events 
(the probability of this is 9 p 0.04). 

Strong limits on tau neutrino mass follow from a primordial nucleosynthesis 10 . At 
the epoch of nucleosynthesis, the neutrinos with masses > 1 MeV were nonrelativistic. 
Their contribution to the energy density in the Universe is the interplay of two factors: 
the mass and the concentration, n(T); the latter is exponentially suppressed at T < 
to. As the result of the interplay the energy density, to • n(T), has a maximum 
at to = (4 - 6) MeV which is equivalent to the contribution to energy density of the 
AN e ff = (4 — 5) massless neutrinos. The effective number of the relativistic neutrinos, 
N e ff, is restricted by present 4 He abundance. The limit N e ff < 3.4 excludes 10 the 
region of masses (0.5 - 25) MeV for the Majorana neutrinos with a lifetime larger 
than 1 s; for r > 10 3 s the excluded region is (0.5 - 32) MeV. Recently the bounds 
have been refined. In 11 using even weaker restriction N e ff < 3.6 the region 0.5 - 35 
MeV was excluded for r > 10 2 s. The limit N e ff < 3.3 results 12 in the the exclusion 
interval 0.1 - 40 MeV for r„ > 10 3 s . This means that for stable neutrinos there is 
no gap between laboratory (4) and NS bounds and upper limit is pushed down to 

m{y T ) < 0.1 - 0.2 MeV (r > 10 3 s) (5) 

Fast decay u T — > v' + J, where J is the majoron, can relax the bounds. It was found 12 
that the gap appears for t v < 10 2 s . At t v < 10~ 2 s the mass region 3-30 MeV is 
not excluded. The gap for stable neutrinos appears if one admits N e ff > 4. 
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The above result has a number of implications. A relatively stable tau neutrino 
is appreciably lighter than electron. There is no decay v T — > e + e~v' . If the mass 
of v T is generated by the see-saw mechanism then the corresponding mass of the 
right handed component should be of the order of m^./m(v T ) ~ 3 ■ 10 4 GeV, which 
appreciably larger than the electroweak scale, so that the electroweak see-saw does 
not work etc. 

The above limit from the nucleosynthesis is applied also to the muon neutrino. 

Mixing of the neutrinos has a number of consequences: kinks on the Kurie plot 
of beta decays; additional peaks in energy distributions of charged leptons from two 
body decays, e.g. n — > /iv^, neutrino decays, oscillation of neutrinos. Up to now no 
peaks, no kinks, no decays, no oscillations 13 have been found, which results in upper 
bounds on mixing as function of neutrino mass/ mass squared difference . The most 
dramatic event here is second comming (with 0.7 - 1.2 % admixture) and second death 
of the 17 kev neutrino. Some recent restrictions (at 95% C.L.) on the admixture of 
the heavy neutrino in the electron neutrino state are summarized below 

Tokyc 14 

// 



\U eh \ 2 < 



0.073% 17 kev INS Tokyo 

0.15% 10.5 -25 kev 

0.11% 17 kev Zurich 15 

0.25% 10 - 45 kev Argonne 16 

0.29% 17 kev Princeton 17 

0.24% 17 kev Oklahoma 18 (99%) 



Let us remark that kev region is still interesting: models developed in the context 
of the 17 kev neutrino predict naturally much smaller mixing than it was found in 
the "positive" experiments. One may keep in mind \U e h\ 2 ~ m e /m T « 0.03% or 
(m M /m r ) 2 « 0.25% etc. 

In conclusion, the gap (in log scale) between the upper bounds on neutrino masses 
and charged leptons is much larger than a spread between masses of charged fermions 
from the same generation: T&hppsr. <^ 22± # mixing of the neutrinos with masses 
near the upper bounds is strongly restricted. 

2. Positive Results Mixing 

At present three observations testify for nonzero neutrino masses and mixing. 

The solar neutrinos: all the experiments (Homestake, Kamiokande, SAGE, 
GALLEX) show the deficit of z/ e -flux 19,20 . Moreover, there is an indication on energy 
dependence of the suppression which cannot be explained by any astrophysical rea- 
sons. (After GALLEX publications it becomes fashionable to discuss the "detection" 
solution of the problem, keeping in mind that some of the experimental results may 
have wrong interpretation). 
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The data obtained so far can be perfectly described by the resonant flavor con- 
version (MSW-effect) 21 v e — > z/^(z/ r ) with small vacuum mixing (see fig. 1): 

Am 2 = (0.5 - 1.2) • 1(T 5 eV 2 , sin 2 29 = (0.3 - 1.0) • 10~ 2 (6) 

or large vacuum mixing: 

Am 2 = (1 - 3) • 10" 5 eV 2 , sin 2 29 = (0.65 - 0.85) (7) 

for two neutrino case 22 . In presense of third neutrino the allowed domains become 
larger, in particular, the region of small mixing solutions can be extended 23 up to 
sin 2 29 = 8 • 10~ 4 and Am 2 = 8 • 10~ 5 eV 2 . 

Alternatively the data can be described by long length vacuum oscillations ("just- 
so") 24 with parameters 25 : 

Am 2 = (0.7- 1.0) • 10~ 10 eV 2 , sin 2 29 = 0.85 - 1.0, (8) 

but this solution is disfavored by SN1987A data (see below). 

Atmospheric neutrinos: the double ratio ( fr|ff ) observation / ( fEjftf ) MonteCario for the 
contained events measured by water Cerenkov detectors Kamiokande and 1MB is 
26 about 0.6, i.e. appreciably smaller than expected 1. The results from the iron 
calorimeters (FREJUS, NUSEX) give for the double ratio a value which agrees with 
1 (although the errors are rather large). First results from new iron calorimeter ex- 
periment SOUDAN-II are 27 not yet decisive: the double ratio, being about 0.7, agrees 
with that of the Kamiokande, but it is just 1.5 a below 1. These results can be ex- 
plained by the oscillations v a — v e or v u — v T or v a — u s , where v s is the sterile neutrino, 
although the last possibility is disfavored by the nucleosynthesis consideration. The 
ratio of the stopping to through-going muons from down semisphere (1MB) is in agree- 
ment with predictions without any oscillations. The fluxes of the upward going muons 
measured by Kamiokande, 1MB and Baksan are also in agreement with predictions 
(but the theoretical uncertainties are estimated to be of the order of 40%). Negative 
results give the exclusion region of the neutrino parameters which however does not 
cover all the region of the positive results. The survival domain is 

Am 2 = (0.3 - 3) • 10~ 2 eV 2 , sin 2 29 = 0.4 - 0.6 (9) 

for v n — v T oscillations (fig.l) and 

Am 2 = (0.3 - 2) • 10~ 2 eV 2 , sin 2 29 = 0.35 - 0.8 (10) 

for v a — v e . In the indicated regions the data from different experiments are described 
at about 2a level and, consequently, the total probability that all the data are fit- 
ted by the parameters (9, 10) is rather small. Let us stress that maximal mixing is 



4 



excluded as a solution of the atmospheric neutrino problem by Frejus result on the 
double ratio and by 1MB result on stopping/through going muons, and the uncer- 
tainties of both results are rather small. This fact is very important for theoretical 
implications. 

Relic neutrinos: a formation of large scale structure of the Universe implies the 
existence of hot dark matter component which contributes up to 30% of the critical 
density. The neutrino with mass 

m~2-7 eV (11) 
can play the role of such a component 28 . 

In conclusion, let us stress that mixing angles corresponding to positive results (6 
- 10) do not coincide with Cabibbo-Kobayashi-Maskawa mixing angles. In particular, 
mixing of and u e should be or appreciably smaller or appreciably larger than the 
Cabibbo mixing. In next sections we will discuss the possible inference of this result. 

3. Small Mixing 

Let us start with one observation. The angles in the region of small mixing solution 
of the solar neutrino problem (6) are a little bit smaller than the root squared from 
the ratio of the electron (m e ) and the muon (m M ) masses: 

o- <e -^ (12) 

(sin 2 29i ~ 0.02). One can correct the above expression by adding some contribution 
from the neutrino mass ratio: 



(13) 

where is a phase. Such a relation between the angles and the masses is similar 
to the relation in quark sector 29 ' 30 and follows naturally from the Fritzsch ansatz for 
mass matrices 30 . According to this ansatz in a certain basis (which can be fixed by 
some family symmetry) the mass matrices have the following form: 
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and moreover fj, <C m <C M . 
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Smallness of neutrino masses can be reconciled with quark-lepton symmetry as well 
as with possible similarity of mixing in quark and lepton sectors (13) in framework 
of the see-saw mechanism of neutrino mass generation 31 . The see-saw mechanism 
naturally relates a smallness of the neutrino masses with neutrality of neutrinos. 
According to this mechanism the Majorana mass matrix for left (active) components 
(~ u L ) equals 

m maj = _ mDM -l m T ; ( 14 ) 

where is the Dirac mass matrix and M is the Majorana mass matrix of right- 
handed neutrino components. It is supposed that M ^> m D . 

An attractive feature of this mechanism is that the Dirac matrix, m^ , can be 
similar (in scale and structure) to that in the quark sector which is naturally implied 
by quark-lepton symmetry and Grand Unification. The essential difference in scales 
of neutrino masses, and probably in lepton mixing, follows from structure of expres- 
sion (14) and from the Majorana mass matrix. 

According to (14), to predict the neutrino masses and mixing one should fix 
mo and M. Two remarks are in order. 

1. Quark-lepton symmetry or/and Grand Unification allow to relate the quark 
and the lepton mass matrices. But simple equality mj = mi is not true. Masses of 
quarks and leptons from the same generation are different. Relation between these 
masses are well described by Georgy-Jarlskog ansatz 32 at GU scale: m° d = 3m||, m" = 

, m' = mj. One should keep in mind also possible deviation from the equality 
m° D = m° up . Large t-quark mass also indicates that simple relation may not be true. 

2. There is no analogy of M matrix in quark sector. Matrix M can be fixed or 
restricted if the right handed neutrino components, z/ R , enter the same multiplet as 
known quarks and leptons (e.g. 16-plet of SO(10) ) and if vr as well as quarks and 
leptons acquire the masses from the interaction with the same Higgs multiplet (e.g., 
126 plet of SO (10)). Mixing is the result of the difference in mass matrices of up 
and down particles from the weak doublets. The difference can not arise from the 
interaction with only one Higgs multiplet. Therefore one should introduce at least 
two multiplets , or suggest some additional sources of the fermion masses. 

The structure of M could be restricted if this matrix is generated by radiative 
corrections 33 . Also some special ansatz can be invented to fix M. 

Thus, the recipe of predicting the neutrino masses and mixing is the following. 

a) . Fix the relation between the neutrino Dirac mass matrix, mo, and mass matrix 
of quarks by choosing some GUT with certain (minimal) set of Higgs multiplets. 

b) . Use the parameters of quark mass matrices as well as the masses of charge 
leptons as an input, to determine the Dirac neutrino mass matrix. 

c) . Certain ansatz (e.g., Fritzsch ansatz) for a structure of mass matrices can be 
suggested to diminishing a number of input parameters and to make the predictions 
for the quark sector too. 
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d). Fix the matrix M by some additional ansatz or relate its structure with 
other mass matrices by GUT. (Overall scale of mass in M could be restricted by the 
unification scale or by the intermediate scale of symmetry violation). 

d). Using formula (14) find the mixing and neutrino masses. 

Let us review some results obtained along with this line. 

The relation (13) can be reproduced in the see-saw mechanism. Suppose mi 
and mo have the Fritzsch structure. Let M be proportional to the unit matrix: 
M = M ■ I (fig.2, FR), then according to (14) the Majorana neutrino mass matrix 
is diagonalized by the same transformation as diagonalizes the neutrino Dirac matrix 
TO£>. Consequently, in the relation (13), in a direct analogy with quark sector one gets 
the neutrino contribution 9 U ~ \fm~ujJm~2D, where m\D and rri2D are the eigenvalues 
of the neutrino Dirac mass matrix, . Since M is proportional to the unit matrix, the 
real masses of light neutrinos will have the quadratic hierarchy: m 8 ~ (jn iD ) 2 /M . 

The ratio of the Dirac masses can be rewritten as m 1D / m 2 o = i^mi/^i and for the 
neutrino contribution to the mixing angle one finds 

9 V ~ 4 . & (15) 

For second and third generations one finds similarly 9 U ~ 4 ^J^- So, even for relatively 

strong hierarchy of masses the mixing angle can be rather large 34 . This relation was 
used to reconcile large ji — r mixing implied by the atmospheric neutrino deficit and 
small mixing solution of the solar neutrino problem. Indeed, for m 2 = 3 • 10~ 3 eV and 
m 3 = 10 _1 eV one gets sin 2 29 = 0.5 - precisely in the desired region (9). 

In fact, the above result implies a weak hierarchy of eigenvalues of the neutrino 
Dirac matrix: m 3D /m 2 D < 6. This realizes a problem for Gran Unification since for 
up-quarks one has m t /m c > 10 2 . 

The above analysis allows just to relate the angles and the masses but it does 
not allow to predict the masses. The predictions can be made if one assumes certain 
textures of mass matrices (by puting some elements of the matrices to be zero) and 
also some GUT relations. Usually the SO(10) model is used with all the fermions 
from one family in one 16-plet. The textures of the mass matrices in some suggested 
models are shown in fig. 2 b-d. Matrices are supposed to be symmetric and the 
elements of matrices are generated by the interactions with 10- and 126- plets of 
Higgs bosons. Different 10- and 126- plets have different couplings in family space 
and acquire vacuum expectations in different directions. This (and also the fact that 
10-plets give m q — mi, whereas 126-plets generate 3m^ = mi) allows to get a desirable 
relations between nonzero elements of matrices. 

Let us comment on some features of different models. 

In 35 the Dirac mass matrices have the Fritzsch form (see fig.2, BS). Neutrino Dirac 
matrix coincides with matrix of up quarks at the unification scale (both are generated 
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by 10-plet). Majorana matrix M is related to the Dirac matrices m^f the same 126- 
plet gives the contribution to 23-elements of these matrices. An additional 126-plet is 
introduced to generate the 11-element of M and thus to get nonzero determinant of 
M. (Both 10-plet and 126-plet contribute to 23 elements of the charged leptons and 
down quarks mass matrices to reproduce Georgi-Jarlskog ansatz). The e/i element of 
the neutrino mixing matrix equals Q 



The model predicts also observable — v T oscillations with sin 2 29 ~ 0.1 and the 
mass of third neutrino (1-3) eV in the cosmologically interesting domain. 

In 36 (fig.2, DHR) the neutrino Dirac matrix and m u are generated by 126-plets, 
so that rap oc m u . Structure of M is partly related to structure of m Uj D'- M has 
minimal number of nonzero elements (12, 21, 33) and these elements are generated 
by the same 126-plet that generates the corresponding elements of m Uj £>. Mixing 
between second and third families is induced by third 126-plet which generate 23- 
elements of M U}U . (Fritzsch structure is modified and there is another realization of 
Georgi-Jarlskog ansatz: 126-plet contribute to 22-element of M e ^)- The e/i neutrino 
mixing is found to be 



where mi and m 2 are the majorana masses of light neutrinos. At m 2 = 1.7 ■ 10~ 3 eV 
the model predicts sin 2 28 e ^ = (1.7 ± 0.2) ■ 10~ 2 which is a little bit larger than what 
is needed for the solution of the solar neutrino problem. The tau neutrino mass is 
near to the cosmologically interesting domain ~ 0.4 — 0.6 eV. There is no explanation 
of the atmospheric neutrino deficit in this as well as in previous models . 

In model 37 (fig.2, BS') the matrices m D and well as nidi are generated 

both by 10- and by 126- plets in such a way that mixing between second and third 
generation is enhanced in lepton sector. Matrix M is partly related to m^r- in 
both matrices 22 and 23 elements are generated by the same 126-plets. As in 35 an 
additional 126-plet is introduced to generate 11-element of matrix M and to have 
nonzero determinant of this matrix. (The element 22 of M e ^ generated by 126-plet 
allows to reproduce the Georgi-Jarlskog ansatz). Mixing between two first lepton 
generations is determined by 




(16) 




(17) 




(18) 



2 Here and in further relations the masses of quarks and leptons are at the GUT scale. 
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The parameter cos 6? determines the mixing between the second and the third gen- 
erations: V 3fM = |3ecos# + sin0e l<7 |, where e = \^Jl — m^jm 2 T . The model allow to 
explain both the solar and the atmospheric neutrino deficits. 

Equations (15 - 18) give an idea on the dependence of the neutrino contribution 
to mixing, 9 U , on structure of mass matrices. 

In the considered schemes the predictions of lepton masses/mixing follow from 
proposed textures of the mass matrices and certain GUT relations, but to get desirable 
relations between nonzero elements one should introduce several 10- and 126- plets. 
Another possibility to get the predictions is to use only one 10-plet and only one 
126-plet but do not assume any textures of mass matrices 38 . Doublet components 
of 126-plet receive the induced vacuum expectations at tree level and thus 126-plet 
both generates the M matrix and gives the contributions to the Dirac mass matrices 
m^i and m Ui D. Several different sets of the parameters have been found depending, 
in particular, on the ratio of the induced VEV's. In one case, e.g., vri2 ~ 2 • 10~ 3 eV 
and mixing between the first and the second generations is fixed by sin 2 29 « 0.013 
allowing to solve the solar neutrino problem. Third mass can be about 2 eV and 
its admixture in the light states is on the level of the existing experimental bounds 
from the oscillation experiments. Changing the scale of the neutrino masses one can 
explain the solar neutrino problem by v e — > v T conversion. 

Another approach to generate the fermion masses and to make the model more 
economical have been proposed 39 . Desired structure of the mass matrices can be 
reproduced by the nonrenormalizable interactions of fermion multiplet with small 
number of low dimension Higgs multiplets. Only 10- plet and the adjoint represen- 
tation 45-plets are used 39 . Minimal set of the nonrenormalizable operators has been 
chosen which results in the mass matrices similar to those shown in fig.2 (BS'). The 
nonrenormalizable interaction operators allow to explain not only the texture of the 
matrices but also the hierarchy of their elements. 

4. Large Mixing 

Large lepton mixing can be obtained in the see-saw mechanism as a consequence 
of certain structure of the matrix M. Two sets of the conditions have been found 40 . 

First implies strong mass hierarchy in the heavy Majorana sector and certain 
correlation between the Dirac and the Majorana mass matrices of neutrinos, e.g., 

M~--m T D m D . (19) 
fi 

Here /i is some mass parameter. Such a possibility has been marked in 41 . The above 
relation can be obtained if the right-handed neutrinos acquire the Majorana masses 
via the see-saw mechanism too. This implies the existence of new heavy neutral 
leptons N L = (A" 1£ , N 2 l, N 3L ), singlets of the electroweak symmetry, with bare 
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Majorana masses, uin, at some large scale . The Dirac mass terms of N and vr 
can be generated by the Yukawa interactions with scalar singlet , a, which acquires a 
vacuum expectation value <t 10 12 GeV. Suppose the matrix of the Yukawa couplings 
of N L , fix, is related to the matrix of the Yukawa couplings h u of usual doublet H 
with v L and v R by relation 

K = S L S N l h N . (20) 

(Here Sl is the matrix of the transformation which diagonalizes h u and Sn is some 
almost-arbitrary matrix which may be related to features of Nl interactions. In 
particular, it can be equal to / or S L ). Then for the light components one gets the 
following Majorana mass matrix: 



m maj / _ S N m N S N , (21) 
Vo"o/ 

i.e. at the condition (20) the smallness of mixing implied by is canceled completely 
and mixing of light neutrinos is determined by mass matrix of superheavy leptons, 
itln- One can suggest that mass terms at high mass scales have no hierarchy so that 
all the elements of matrix itln are of the same order. At a ~ itln ~ 10 16 GeV, 
the typical mass scale for the lightest components is about m ~ v 2 i71n/o-q ~ 10~ 2 
eV. Small spread of parameters in m N allows to explain the scales of both the solar 
(m ~ 0.3 ■ 10~ 2 eV) and atmospheric (m ~ (3 — 10) • 10~ 2 eV) neutrino problems. 

The relation between the Yukawa couplings (20) at Sl = Sn can be reproduced 
if vl and Nl, as well as H and a enter the same multiplets. 

Second possibility implies essentially off-diagonal structure of M in the neutrino 
Dirac basis. The letter is determined as a basis in which the neutrino Dirac matrix, 
mu, is diagonal. If the Dirac mass matrices of leptons have the same structure as 
quark mass matrices, the Dirac basis is related to the flavor basis by transformation 
matrix being similar to the Cabibbo-Kobayashi-Maskawa matrix. 

Special structure of the M in the neutrino Dirac basis can be a consequence of 
certain family symmetry G. Let us suppose that G = U(l), the usual Higgs doublet 
is G-neutral, left and right-handed neutrino components have the charges G{vn) = 
G(um) = (1/2, —1/2, 0). Suppose also that model contains a scalar field a with charge 
G a = 1 and nonzero vacuum expectation value o~q. Then the Dirac mass matrix is 
diagonal and the Majorana mass matrix generated by ctq and bare mass terms equals: 



M = Mia h 22 a | . (22) 




The the mixing between 1 and 2 components in Dirac basis generated by the see-saw 
with matrix (22) is 

tan26 l i2 ~ 2 . 

m 2 D hndo 
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If G is a good symmetry at high mass scale, i.e., if M i2 3> hn<7, the smallness of 
mixing related to the hierarchy of the Dirac mass matrices is compensated. In flavor 
basis the v e — - mixing will differ from the above by the small angle typical for 
Cabibbo-Kobajashi-Maskawa matrix. Changing the prescription of charges one can 
get an enhancement of 1 - 3 mixing or both 1-2 and 1-3 etc. 

The considered mechanism of enhancement is realized in SUSY E 6 model 42 . All 
fermions acquire the masses from the interaction with the same 27-plet of Higgs 
bosons which means that at tree level the Dirac matrices are diagonal and there is 
no mixing. In one version of the model the radiative corrections give only small non- 
diagonal elements to the neutrino Dirac mass matrix. Then it was postulated that 
the Majorana mass matrix, M R , is completely off diagonal which is dictated by the 
condition of the calculability of the theory. Thus, the conditions considered above 
are satisfied. 



Large (maximal) mixing may arise naturally in models with radiative generation 
of neutrino masses , e.g., by Zee mechanism 43 . 

It was argued that large mixing can appear if neutrino masses are generated by 
"Planck scale interactions" 44 ' 45 . Such an interaction could result in the nonrenormal- 
izable operators of the type 

Yp-lJljH T H, (23) 
Mpi 1 J v ' 

where are the lepton doublets , and H is the usual Higgs doublet. At a ~ 1 the 
interaction (23) gives m ~ H^/Mpi ~ 10~ 5 eV and consequently Am 2 ~ 10~ 10 eV 2 . 
It was postulated in 45 that in flavor basis all the couplings are equal: = a$. 
Consequently, mass matrix generated by (24) has the "democratic" form with all 
the elements being equal to one value m . Such a matrix results in two massless 
states and one massive state with m = 3mo- Neutrino v e mixes with the combination 
(Vfi ~ z/ r)/2 and the mixing angle defined by sin 2 29 = 8/9 is precisely in the region 
of the "just-so" solution. 

Large lepton mixing strongly influences the neutrino fluxes from the gravitational 
collapses of stars. It results in transitions — v e (P r ). The crucial point is that the 
original (p r ) energy spectrum has a larger average energy than the spectrum of 
u e (the opacity of u e exceeds that of Vp). Then V e <-> transition results in partial 
or complete "permutation" of the corresponding energy spectra 46 . The effect can be 
described by the permutation factor p (averaged probability of the conversion). An 
upper bound 

p < 0.35, 99% C.L. 

has been derived 46 using the data from SN1987A and different models of the neutrino 
burst. Considering a propagation of the neutrinos in matter of the star, on the way 



11 



between the star and the Earth, and in matter of the Earth, the relation has been 
found between the permutation factor and the mixing angle. The upper bound on p 
was transformed in the upper bound on the sin 2 29 (fig. 2). In particular the excluded 
region covers the region of "just-so" solution. 

5. Conclusions 

1. There are three indications on the existence of nonzero neutrino masses and 
mixing. They are related to the solar, atmospheric, and relic neutrinos. Solar neutrino 
data can be explained by resonant conversion or/and oscillations with vacuum mixing 
angles being or appreciably larger or appreciably smaller than the Cabibbo angle. 
Atmospheric neutrino deficit implies the oscillations with large mixing. 



2. Solar neutrino data pick up the region of mixing angles 6 ~ This relation 

implies the similarity of the lepton and quark mass matrices. It can follow (as in quark 
sector) from the Fritzsch ansatz. 

The above relation of masses and mixing can be reproduced by the see-saw mech- 
anism of mass generation. The standard see-saw mechanism for three light neutrinos 
allows to reconcile the solution of the solar neutrino problem via MSW conversion 
or with explanation of the atmospheric neutrino deficit or with third neutrino mass 
being in the cosmologically interesting region. 

3. Large lepton mixing is also quite possible. The enhancement of lepton mixing 
due to the see-saw mechanism itself may take place which implies certain structures 
of the Majorana mass matrices. 

Maximal and near to maximal flavor mixing of the electron neutrino is disfavored 
by the results from SN1987A. 
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Figure captions 

Figure 1. Islands on the Am 2 — sin 2 29 plot. Regions of the neutrino parameters 
implied by the solar and atmospheric neutrino data. Parameters in top island give 
the explanation of the atmospheric muon neutrino deficit via — v T oscillations. 
Dashed lines show the extension of regions of the MSW-solutions to the solar neu- 
trino problem, when the effect of third neutrino is taken into account. Bottom island 
is the region of the "just-so" solution to the solar neutrino problem. Dashed-dotted 
line shows the upper bound on u e — u T mixing from SN87A; vertical curves mark the 
mixing corresponding to 9 = 9 C and 9 = Q\. 

Figure 2. The textures of the fermion mass matrices. Numbers in squares are 
the dimensions of the Higgs boson representations which generate the corresponding 
mass terms. F: Fritzsch ansatz in 34 ; BS: model 35 , DHR: model 36 , BS': model 37 . 
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